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Abstract 



We study the formal conjugacy properties of germs of complex ana- 
lytic diffeomorpliisms defined in the neighborhood of the origin of C". 
More precisely, we are interested on the nature of formal conjugations 
along the fixed points set. We prove that there are formally conjugated 
local diffeomorphisms 99, f] such that every formal conjugation a (i.e. 
T] o a = a o if) does not extend to the fixed points set Fix{ip) of ip, 
meaning that it is not transversally formal (or semi-convergent) along 
Fix{ip). 

We focus on unfoldings of 1-dimensional tangent to the identity dif- 
feomorphisms. We identify the geometrical configurations preventing 
formal conjugations to extend to the fixed points set: roughly speak- 
ing, either the unperturbed fiber is singular or generic fibers contain 
multiple fixed points. 

Keywords: resonant diffeomorphism, bifurcation theory, asymptotic 
expansions, formal classification, potential theory. 

1. Introduction 

The study of normal forms and normalizing applications is a classical 
topic in dynamical systems (see the introduction of [PM03] ). In this 
spirit we are interested on studying the nature of formal conjugations 
between local complex analytic diffeomorphisms. 

Divergent power series are associated to analytic dynamical systems 
in a natural way. For instance they can appear when calculating first 
integrals, linearizing maps, etc. by using the method of undetermined 
coefficients. Cauchy already noticed that the divergent series could be 
useful even if their use was devoided of any rigor. Astronomers dealt 
with these series by summing them up to the smallest term, obtaining 
good approximations to solutions. The error of the approximations is of 
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the order of the smallest term in many practical examples (see |CNP93j 
for a much more detailed explanation). Poincare and Borel studied 
why these methods are successful. The theory experienced a boost in 
the seventies and eighties when the concept of sumr nable p ower series 



and resurgent functions were introduced by Ecalle [EcaSlj . Roughly 
speaking summable and multi-summable power series solutions repre- 
sent analytic solutions defined in sectorial domains that do not match to 
provide a unique analytic solution. Ramis proved that the solutions of 
analytic linear O.D.E. are multisummable (see |MR92] and |BBRS9l] ). 
This result was generalized by Braaksma for non-linear analytic O.D.E. 
|Bra92] . The objects of the previous results are always one variable an- 
alytic functions. The theory of divergent series in several variables is 
much more difficult and it is still evolving. The goal of this paper is 
introducing and studying new properties of formal conjugacies between 
several variable complex analytic diffeomorphisms. 

Determining whether two complex analytic germs of diffeomorphism 
at (C", 0) are formally conjugated is a classical problem. It is a first step 
towards an analytic classification but the formal classification has an 
intrinsic interest since formal conjugations can support an underlying 
geometric nature. This geometrical structure is typically revealed by 
showing the summability or resurgence of the formal objects. 

For instance consider = z + z^^^ + h.o.t. a germ of diffeomorphism 
at (C, 0). It is the exponential of a formal vector field (i.e. a derivation 
of the ring of formal power series) of the form (2;^+^ + h.o.t.)d/dz. It 
is the so called infinitesimal generator of (pi that we denote logy^i. 
Its expression is obtained by using undetermined coefficients in the 
Taylor's formula 

°° xHz) 



(1) exp(X) = exp{a{z)d/dz) = z + ^ ^ 

i=i 

where X{z) = a{z) and X^+\z) = X{X^{z)) for any j > 1. For 
instance we have X^{z) = a{z)a'{z). There exist sectors Vi, . . ., 
whose union is a pointed neighborhood of where the infinitesimal 
generator of (pi provides analytic fiows in which the discrete dynamics 
of (pi is embedded. More precisely the infinitesimal generator of ipi is 
the p-Gevrey asymptotic development of a unique analytic vector field 
Xj = aj{z)d/dz defined in Vj such that ipi = exp{Xj) for any 1 < j < 
2p. Moreover Martinet and Ramis showed that log<y9i is p-summable 
|MR82] . The infinitesimal generator of (pi generically diverges since 
the vector fields Xj do not coincide in the intersection of their domains 
of definition. 
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The situation for the formal conjugacy problem is analogous. Con- 
sider a germ of diffeomorphism formally conjugated to ipi. Again 
every formal conjugation a is the p-Gevrey asymptotic development 
of a unique aj G OiVj) satisfying aj o ipi = ° o'j- Moreover a is p- 
summable |MR82j . In general there is no convergent choice of a. In the 
particular case where (fi and (p2 are embedded in analytic flows then 
a is convergent. But the infinitesimal generators are in general only 
p-summable and this forces the conjugation a to be also p-summable. 
In this example formal conjugations badly behaved as the in- 

finitesimal generators. One of the goals of this paper is proving that 
conjugations can be more pathological than infinitesimal generators. 

1.1. Properties of formal conjugacies along fixed points. We de- 
note Diff (C", q) the group of complex analytic germs of diffeomorphism 
at g = (gi, . . . , g„) G C^. Let Diff (C^, q) be the formal completion of 
Diff (C^, q) with respect to the filtration {m^ x . . . x m'^lfceNujo} where 
m is the maximal ideal of C{yi — gi, — g„} (see |Eis95j . section 

7.1). The composition in Diff(C",g) is defined in the natural way by 
taking the composition in Diff(C",g) and passing to the limit in the 
KruU topology (see |Eis95j . page 204). 

We focus on the action of formal conjugations on the fixed points sets 
of diffeomorphisms. Consider coordinates {yi, . . . ,yn) G C". We say 
that a G Diff (C", 0) is transversally formal (t.f. for shortness) along a 
germ of analytic set 7 given by an ideal 1(7) if yj o a can be expressed 
in the form 



where Cj^k £ . . . , ?/„.} H 1(7)'^ for all > and I < j < n. 

Formal transversality is also called semi-convergence sometimes since 
intuitively the formal series is convergent in the direction of 7 and can 
diverge in the direction transversal to 7. If we can choose Cj^k ^ ^{U) 
for all A; > 0, 1 < j < n and some neighborhood U of we say that 
a is uniformly transversally formal (u.t.f.) along 7. Denote by Fix{a) 
the fixed points set of a G Diff (C", 0). In this paper we prove: 

Main Theorem. Let n > 2. There exist ipi,(p2 £ Diff (C",0) such 
that aoifi = ip2od' for some a G Diff (C", 0) hut no choice of a is t.f. 
along Fix{(pi). 

Next, we explain the interest of this result. Given (f G Diff (C", 0) 
and a point q G Fix{ip) close to we define the germ ipg G Diff (C", q) 
obtained by restricting (p to a neighborhood of q. Then we can consider 
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G Diff (C", 0) as a family {Vq)q(zur[Fix(ip) some neighborhood U of 
0. We can interpret as a germ defined in the neighborhood of any of 
its fixed points. This situation provides the motivation to consider the 
following questions: 

Question 1. Suppose that y:>i,f2 £ Diff(C"',0) are formally conju- 
gated. Does there exist a formal conjugation whose action on Fix{(fi) 
is convergent? 

Question 2. Suppose that ipi,(p2 G Diff (C",0) are formally conju- 
gated by a & Diff {C^,0). Assume that the action of a on Fix{(fi) is 
convergent. Are the germs ipi^g and f2,aiq) formally conjugated for any 
q E U n Fix{ipi) and some neighborhood U ofO? 

Question 3. Suppose that the answer of question ^ is affirmative 
for Lfi, and a. Does there exist f G Diff (C", 0) such that f acts on 
Fix{ipi) as a and induces a formal conjugation between ipi^g and f2,a(q) 
for any g G fl Fix{(fi) and some neighborhood VofO? 

We can replace the fixed points with the periodic points of order p 
for every p G N in the previous questions. 

We are interested on studying the nature of formal conjugations 
and its geometrical meaning. Naturally we focus initially on the fixed 
points set. Of course we have to consider non-generic diffeomorphisms 
since otherwise Fix{(p) = {0} and the answer is obviously affirma- 
tive for the three questions. In this paper we work with unfoldings 
{h{x, Xi, . . . , Xn),Xi, . . . , Xn)- This is an interesting case in itself. We 
want to understand how the structure of a formal conjugation extends 
to the fixed points set for the perturbed diffeomorphisms. 

Let us clarify the previous statements. We say that a G Diff (C^, 0) 
has a convergent action on an analytic germ of analytic set 7 if there 
exists a G Diff (C'', 0) such that 

a o cr^"^^ - Id e 1(7) X ... X 1(7) 

where 1(7) is the ideal of 7. We denote cr{q) = a{q) for any g G 7. 
For the questions ([2]) and ([3]) we can suppose that 

a - Id e I{Fix{ipi)) X ... X I{Fix{ipi)) 

by replacing a with aoa^^^\ In question ^ we want to know whether a 
can be extended to an irreducible component 7 of Fix{ipi). The strong 
form of question ([3]) asks whether or not a is u.t.f. along Fix{ipi). In 
such a case a belongs to Diff(C"',q') and conjugates ipi^q and ip2,q for 
any g G t/ fl Fix{ipi) and some neighborhood [/ of 0. In the weak 
version of question ([3]) we wonder whether a is t.f. along Fix{ipi). 



EXTENSION OF FORMAL CONJUGATIONS 



5 



1.2. Analyzing the questions. We answer the questions for germs 
of finite-dimensional unfoldings of elements of Diff (C,0). Consider 
coordinates ( ) G C"^"*^. We define the group 

Diff p(C'^+i, 0) = G Diff (C"+\ Q):XjOip = Xj for any 1 < j < n} 

where G N U {0}. We define 

Diff„p(C"+\0) = G Difrp(C"+\0) : {d{xoy^)/dx){0) = 1}. 

It is the group of n-parameter unfoldings of tangent to the identity dif- 
feomorphisms. Denote by Diffr(C""'"^, 0) the subgroup of Diff p(C""'"^, 0) 
whose elements satisfy cp^''^ G Diff ^^(C"''""'^, 0) for some k E N. Then 
Diffr(C""'"^, 0) is the group of n-parameter unfoldings of resonant dif- 
feomorphisms. 

The answer to the questions is affirmative if ipi ^ Diffr(C"^"'^, 0). 
Indeed (pi is t.f. conjugated to {a{xi, . . . ,Xn)x,xi, . . . ,Xn) for some 
unit a G C{xi, . . . , Xn}- It suffices to work in Diffr(C"^"'^, 0). The next 
proposition implies that we can reduce the study to Diff ^^(C""'"^, 0). 

Proposition 1.1. Let (pi,ip2 G Diffr(C"^^, 0). Then ipi, ip2 are for- 
mally conjugated if and only if {d{x o {pi)/dx){0) = {d{x o {p2)/dx){0) 
andip\^ip2 are formally conjugated (k is the period of {d{xoipi) / dx){0) ) . 

A stronger result can be proved. Suppose that aoip^ = ip^oa for some 
(T G l5ifr (C",0) and {d{xo^^) / dx){Qi) = (dixoip^) /dx){0). Then either 
ip\ = Id = ^iid ^2 are analytically conjugated oi aoipi = ip20cr. 
These results are contained in prop. 5.4 in |Rib08b] . There the context 
is a bit different but the generalization is straightforward. 

The answer to question ([T]) is affirmative if (pi G Diff „p(C"'''^, 0) 
(proposition 13. 4p . 

To answer question ([2]) in Diff up(C"^^, 0) we have to divide the ir- 
reducible components of Fix{ip) in two sets. Let 7 be an irreducible 
hypersurface of Fix{(p>) for some J9 G N. We say that 7 is unipotent with 
respect to ip if {d{x o {p)/dx)^^ = 1. If 7 is unipotent with respect to (pi 
then the answer to question ([2]) is positive for any g G 7 (prop. 13. 5p . 
If 7 is non-unipotent the result still holds true for any g G 7 such that 
\{d{x o ipi)/dx){q)\ 7^ 1. We can not extend the result to every point 
of 7 ( remark |3. II) . Anyway the property in question ([2]) is satisfied for 
generic fixed points. 

Let us notice that the answers of questions ([1]) and ([2]) are conse- 
quences of the results in [RibOSa] . This paper is intended to deal with 
question ([3]). 
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2. Studying formal transversality 

Let us address question ([3]). By the previous discussion we can not 
expect a formal conjugation a to be u.t.f. along a non-unipotent hy- 
persurface of Fix{ipi). But we could hope for the formal conjugations 
to be t.f. along Fix{ipi) and u.t.f. along the unipotent irreducible 
components of Fix{ipi). 

Fix / G C{x,Xi,...,Xn] such that /(O) = {df/dx){^) = 0. The 
function x o (p — x is of the previous form for any ip G DiS y_p{C"'~^^ , 0). 
We define 

Vf = {i^e Diff„p(C"+\0) : (x o - a;)// is a unit}. 

It is the set of unfoldings whose fixed points set is / = 0. Fix 7 an 
irreducible component of / = 0. We have {d{x o ip)/dx)\^ = 1 if and 
only if {df/dx)\^ = for any ip E Vf. We say that an irreducible 
component 7 of / = is unipotent if {df /dx)\^ = 0. 

We say that a germ of variety is fibered if it is a union of orbits of 
d/dx. By definition a G Diff p(C""'"^, 0) is normalized with respect to 
/ = Oifxoo" — xG 1(7) for any non-fibered irreducible component 
7 of / = 0. The points in non-fibered components of / = are fixed 
points of a normalized transformation a. 

Let v^i,V52 € l^f', we denote ipir^^ip2 if and ip2 are conjugated by 
a normalized a G Diff p(C"^^, 0). If a can be chosen t.f. along / = 

then we we denote (pi ~* (p2- Finally if we can choose a to be t.f. along 
/ = and u.t.f. along the irreducible unipotent components of / = 
we denote ipi ~* (p2- 

Theorem 2.1. Let f = x°'{x — Xi)'' for some {a,b) G NxN. Then there 
exists ipi,(p2 G X'/ C DifF„p(C^,0) such that (pi^*(p2 but ipi Lp2- 

Theorem 2.2. Let f = {x2 — xxiY for some c G N. Then there exists 
(pi,(p2 EVf C Diff„p(C^,0) such that (pi^*(p2 but ipi (p)2- 

Questions ([1]) and ([2]) are true in Diff p(C'^+^, 0) once we introduce 
the proper setup. In spite of this the answer to question ([3]) is negative. 
This is a corollary of theorems 12.11 and 12. 2[ These theorems also imply 
the Main Theorem. Moreover formal conjugations are more patholog- 
ical than infinitesimal generators since the latter ones are always t.f. 
along the fixed points set (prop. 13. 3p . 

The nature of the examples provided by theorems 12.11 and 12.21 is dif- 
ferent. For the former one we can choose a normalized aj G Diff p(C^, 0) 
conjugating ipi and ip2 such that dj is t.f. along x = jxi for j G {0, 1}. 
Nevertheless (Tq is not t.f. along x = Xi whereas di is not t.f. along 
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X = 0. The existence of multiple fixed points in the fibers xi = cte 
imposes incompatible conditions on a formal conjugacy in order to be 
transversally formal. For the other example the lack of t.f. conju- 
gations is associated to the bad position of the smooth hypersurface 
X2 — xxi = with respect to d/dx. Let us remark that no fiber of 
dxi = dx2 = contains more than one fixed point of X2 — xxi = 
except the unperturbed fiber xi = X2 = 0. 

2.1. Outline of the proofs. Fix / G C{x, Xi, . . . , Xn} such that / 
and df/dx vanish at 0. We can characterize the properties (fi ~* (p2 

ut 

and if I ~* (p2 for 95i,v?2 in T^f- The idea is that classes of formal 
conjugacy are path-connected and that the study of conjugations and 
their properties can be reduced to analyze the tangent space of paths 
and in particular some ordinary differential equations. 

The infinitesimal generator log (fk of fk is of the form Ukfd/ dx where 
Uk is a unit of the ring C[[x, Xi, . . . , x„]] for k G {1, 2}. In other words 
we have ipk = exp{ukfd/dx) (see equations ([1]) and ([2])). We associate 
to (pi and (p2 the so called homological equation 

(]__]_\}_ 

dx \ui U2) f 

We characterize the classes of equivalence of the relations and 

~* in terms of the homological equation (theorems 13.11 and 14.11) . In 
particular if the equation has no poles, i.e. Ui — U2 G (/), then we 
obtain ipi^^:ip2 (theorem 13. ip . 

Consider (pi,(p2 G "C/ whose homological equation is free of poles and 
suppose for simplicity that / = has no fibered irreducible components 
in the rest of this section. Any solution a of the homological equation 
in the field of fractions of C[[x, Xi, . . . , Xn]] belongs to C[[x, Xi, . . . , Xn]]- 
We say that a converges by restriction to / = if there exists n in 
C{x, xi, . . . , Xn} such that d — k G a/ (/) where ■>/ (/) is the radical of 

the ideal (/) of C[[x,xi, . . . ,Xn]\- Then (pi ~* (p2 (resp. (pi ~* (P2) is 
equivalent to the existence of a solution of the homological equation 
converging by restriction to / = (see theorem l4.1l for the most general 
result). 

Our goal is proving that there exist solutions of the homological 
equations that are not convergent by restriction to the fixed points set. 
Then we obtain theorem 12.11 We define 

V'={p^e Diff ,p(C"+i, O):xoip-xo exp{fd/dx) G (/')}. 
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The set "D^ is a subset of Vf. The homological equation associated to 
exp{fd/dx) and ip eV^ has no poles; we deduce exp(/5/9x)~*(y9. Fix 
V^o £ T^'f and A in C{x, xi, . . . , x„}. We consider the family (A G C) 

V^A.A = (x o + A/^A, xi, . . . , Xn) e V'j. 

We introduce the derived equation da/dx = {dKx/dX)\x=o/ f where 

da/dx = K\/ f is the homological equation associate to exp(fd/dx) 

and v^A.A- This equation is key since the property exp{fd/dx) (fx^A 
for any A G C implies that there exists a solution of the derived equation 
converging by restriction to / = 0. The proof is of potential-theoretic 
type. The derived equation is related to the reduced derived equation 

da / d{x o ipo) A 
dx \ dx J Mq 

associated to exp{fd/dx) and the family fxA where ipo = exp{uofd/dx). 
The equation is linear in A and it is in general divergent. 

Proposition 2.1. Let f G C{x, Xi, . . . , x„} such that f and df/dx 
vanish at the origin. There exists ipo G Vj such that the infinitesimal 
generator log (fQ of (fQ is divergent. 

The previous result holds true even if / = contains fibered irre- 
ducible components. The connection between the derived equation and 
the reduced derived equation is provided by the following proposition. 

Proposition 2.2. Fix ipo G Vj^ and A G C{x,Xi, . . . ,x„}. Then the 
derived equation associated to exp{fd/dx) and ipx,A has a formal so- 
lution converging on f = if and only if the reduced derived equation 
has a formal solution converging on f = 0. 

The advantage of the reduced derived equation is that it separates 
the roles of y^o and A. 

Let us focus on th. 12.11 The proof of th. 12.21 is analogous. Let 
/ = x"'{x — xi)''. We consider Lpo G V'j C Diff „p(C^, 0) such that log(y9o 
is divergent. We define the operator Sa^b,ifio '■ C{x,Xi} — j- C[[xi]] given 
by 

Sa,b,ipo{^) = aA(xi,xi) - aA(0,xi) 
where oa is a formal solution of the reduced derived equation associ- 
ated to exp(x"(x — xifd/dx) and v'a.a- If theorem 12.11 is false then 
Sa,b,ipo{.^{^^^i\) ^ C{xi}. The following proposition leads us to a 
contradiction. 

Proposition 2.3. Let f = x°-{x — Xi)''. Fix ipo G Pj. Suppose that 
>S'a,6,v3o(^{^5 ^i}) C C{xi}. Then logipo converges. 
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The proof of the last proposition is based on the uniform bounded- 
ness principle and the properties of the Hilbert matrices. 

3. Formal properties of up-diffeomorphisms 

Let Diff(C"^^,g) be the group of germs of complex analytic diffeo- 
morphisms defined in a neighborhood of g G C"^^. Consider coordi- 
nates ( ) e C"+\ We define 

Difrp(C"+\ 0) = {v? G Diff (C"+\ 0) ■.XjO^ = xj for any 1 <j < n}. 

We denote by Diff „(C"+^, 0) the subgroup of unipotent elements of 
Diff (C^+^j 0), more precisely ip e Diff„(C"+\0) if jV is a unipotent 
linear isomorphism (i.e. j^ip — Id is nilpotent). By definition a unipo- 
tent parameterized diffeomorphism (up-diffeomorphism for shortness) 
is an element of 

Difr„p(C"+i, 0) Diff „(C"+S 0) n Diff p(C"+^ o). 

Indeed up-diffeomorphisms are exactly the n-parameter unfoldings of 
tangent to the identity diffeomorphisms. We denote Diff (C"^^, 0), 
]5iffp(C'^+^0), ]5iff„(C"+\0) and l5iff „p(C'^+i, 0) the formal comple- 
tions of Difr(C"+SO), Diffp(C'*+i,0), Difr„(C'^+i,0) and Difr„p(C"+i, 0) 
respectively. 

The unipotent germs of diffeomorphisms are related with nilpotent 
vector fields. We denote by A'(C"+^,0) the set of germs of complex 
analytic vector fields which are singular at 0. We denote by X^^C^^^, 0) 
the subset of ^"(€""^^,0) of nilpotent vector fields, i.e. vector fields 
whose first jet has the unique eigenvalue 0. The formal completions of 
these spaces are denoted by X{C^~^^,0) and Xn{C^~^^,0) respectively. 

The expression 

(CXD ' OO ' OO 

defines the exponential of tX for t e C. Let us remark that X^{g) is the 
result of applying j times the derivation X to the power series g. The 
definition coincides with the classical one if X is a germ of convergent 
vector field. For X in X]\f{C"'~^^,0) the sums defining the components 
of exp(tX) converge in the KruU topology of C[[x, Xi, . . . , i.e. the 
multiplicity at the origin of X^{g) tends to oo when j — >■ oo for any 
g e C[[x, Xi, . . . , XnW- The next proposition is classical. 

Proposition 3.1. The exponential mapping exp induces a bijection 
from i'jvfC"+\0; onto Diff „(C"+\ 0). 
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As we noted in the introduction the infinitesimal generator of a germ 
of diffeomorphism is in general a divergent vector field. 

Definition 3.1. Letip G Diff„(C"^^, 0). We denote bylogip the unique 
element of (C"''^^ , 0) such that ip = exp{log(p). We say that logp is 
the infinitesimal generator of ip. 

The previous proposition allows to transport the formal classification 
problem in Diff „(C"^^, 0) to XnIC"'^^, 0). This is a simplification since 
AJ'jv(C"+^, 0) can be interpreted as the Lie algebra of Diff „(C"+^, 0). 

Next we describe the nature of the infinitesimal generator of a up- 
diffeomorphism . 

Proposition 3.2. [RibOSa] Let p G l5iff „p(C"+\ 0). Then \ogp is of 
the form {i{x op — x)d/dx where u G C[[a;, xi, . . . , a;„]] is a unit. 

This proposition is a consequence of the geometrical nature of the 
mappings exp and log. More precisely log p is collinear to d/dx since p 
and then logp preserve the leaves of the foliation dxi = . . . = dxn = 0. 
Moreover the singular set of \ogp coincides with Fix{p). 

The fixed points set Fix{p) of p E Diff up(C""'"\ 0) is a hypersurface. 
Consider the determinant \Jac p\ of the jacobian matrix of p. 

Definition 3.2. We say that an irreducible component of Fix{p) is 
unipotent if \Jac p\\^ = 1. 

An element p G Diff up(C"^^, 0) is defined in some open neighbor- 
hood U of the origin. Thus p induces an element pq G Diffp(C'^"^^, g) 
for any g G f/ fl Fix{p). Moreover p belongs to Diffup(C""^"'^, g) if q 
belongs to a unipotent irreducible component of Fix{p). Since the 
mapping log is of geometrical type it is natural to expect an extension 
of logp to Fix{p). Now, we introduce some definitions providing the 
context to describe this phenomenon. 

The formal completion of a complex space {U, 0{U)) {U is a topologi- 
cal space and 0{U) is its sheaf of analytic functions) along a sub- variety 

V given by a sheaf of ideals / is the space {U,Oj{U)) where 

^ P 

Consider a series g G C[[x, Xi, . . . , Xn]] and a germ of analytic variety 

V C C^~^^ at given by an ideal J. Then g is 

• transversally formal along if ^ G lim^ C{x, xi, . . . , Xn}/F ■ 
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• uniformly transversally formal along V if g G ^i{U) for some 
neighborhood of the origin U. 

For shortness we say that g is t.f. along V in the former case whereas 
g is u.t.f. along V in the latter case. 

Definition 3.3. We say that X G X(C''+\0) is t.f along V ifX{x), 
X{xi), . . ., X{xn) are t.f. along V . There is an analogous definition for 
a G Diff (C"+^,0) hy considering xo a , X\oa , . . ., XnOa. The definitions 
of uniform formal transversality for formal diffeomorphisms and vector 
fields are analogous. 

Definition 3.4. Consider a set W C C"+^ We can define the ring 
Gw of germs of holomorphic functions defined in a neighborhood ofW. 

Next lemma provides a handy characterization of u.t.f. functions. 

Lemma 3.1. [RibOSaj Fix g G C[[x, xi, . . . , x„]] and a germ of analytic 
variety V C C""*""^ at given by an ideal I. Then g is u.t.f. along V if 
and only if g & lim^ Gynw I for some neighborhood W of the origin. 

We describe the t.f. behavior of log(f for (f G Diff „p(C"^^, 0). 

Proposition 3.3. [ RibOSaj Let (p G Difr„p(C"+\ 0). Then hgip is t.f. 
along Fix{ip). Moreover log ip is u.t.f. along 7 for every unipotent 
irreducible component '-f of Fix{ip). 

Let us focus next in the formal classification of up-diffeomorphisms. 
Let G Diff„p(C"+SO). Denote / = xo^-x and m = {\og^){x)/f. We 
consider the dual form VL^p = dx/{uf). By the uniqueness of the infini- 
tesimal generator we have that conjugating elements of Diff „p(C""'"^, 0) 
is equivalent to conjugating their dual forms. By the previous proposi- 
tion we can choose in C{x, xi, . . . , x„} such that u — G (f). We 
denote fl^, = l/{u^f). The dual form Cl^ is of the form 

dx u,„ — u 1 



= — 7 + -dx. 

Upf f u^u 



Since — il^ does not have poles then 

Lemma 3.2. [RibOSaj Let if G Difr„p(C"+\ 0). Then the diffeomor- 
phisms exp{uip{x o(p — x)d/dx) and ip are formally conjugated by some 
b G Diff p (C"^"*^ , 0) such that x o a — x ^ {x o ip — x). 

Definition 3.5. A germ of analytic set 7 C (C""*"^,0) is fibered if it 
is the union of orbits of d/dx. We say that a G Diff p(C"+^, 0) is 
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normalized with respect to analytic set /3 C (C"+-'^,0) if xoa — x G 1(7) 
for any non-fibered irreducible component '-f of p. 

Proposition 3.4. |Rib08aj Let (pi,(p2 G Diff „p(C"+\ 0) be formally 
conjugated. Then there exist a G l5iffp(C"+\0) and a e Diff (C"+\0) 
such that {a o a) o (fi = o (o" o a) and a is normalized with respect to 
Fix{ip2). 

The proposition answers question ([1]). It implies that up to an ana- 
lytic change of coordinates the formal conjugations are normalized with 
respect to Fix{ipi) = Fix{ip2)- Then we can suppose that ipi and 
belong to 

Vf = {^e Diff„p(C"+\0) : (xo^-x)// is a unit} 

for some / G C{a;, Xi, . . . , a;„}, for instance we can choose / = xo^pi —x. 
The elements oiVf are the unfoldings whose fixed points set is / = 0. 
When conjugating elements of normalized stands for normalized 
with respect to / = 0. We focus on formal normalized conjugations 
from now on. 

We linearize the (normalized) formal conjugacy problem by express- 
ing the formal properties in terms of the infinitesimal generator. Be- 
low we explain that the existence of a normalized formal conjugation 
is equivalent to the existence of a meromorphic solution of an ordinary 
differential equation with prescribed poles. 

Let / G C{x, xi, . . . , Xn}- Let 11^=1 Ylk=i -^/T*' t>e the decomposi- 
tion of / in irreducible factors; we suppose that fj = is non-fibered 
for 1 < j < p whereas = is fibered for 1 < A; < s. We denote 

In = IVj=ifj' and fp = U.l=iFk"'- We choose fp G C{xi, . . . , x„}. 
The functions /at and fp are well defined up to multiplicative units. 

Consider the equivalence relation ~* in Vf given by (fir^^(f2 if fi and 
ip2 are conjugated by a normalized element a of Diff p(C""'"^, 0). If there 

is a choice of a such that a is t.f. along / = we denote cpi ~* (p2. If we 
can choose a to be also u.t.f. along the unipotent components of / = 

ut 

we denote (fi ~* (p2. The classes of the relation are connected in 
the compact-open topology. As a consequence we can use the method 
of the path to obtain the invariants for the equivalence relation 
Given 991, G I^/ we define the homological equation 

dx ''^^ ''^^ Ui U2) f 
where \ogipj = Ujfd/dx for j G {1,2}. Consider the decomposition 
11^=1 // of In in irreducible factors. 
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Definition 3.6. We say that the homological equation associated to 
^iiV2 £ ^/ special with respect to f if there exists a solution of the 
form 11^=1 /j^ ^) where (5 G C[[x, Xi, . . . , . This solution is 

called special with respect to f . A convergent special equation da/dx = 
K/f (K G C{x, Xi, . . . , Xn} ) has a convergent special solution jRibOSa] . 

Theorem 3.1. |Rib08aj Let ^11^2 G T^f- Then V2i~*v'2 if o,nd only if 
the homological equation associated to ipi, is special (with respect to 

f)- 

Theorem 13.11 imphes that a complete system of invariants for the 
formal classification is obtained by studying the obstruction for a ho- 
mological equation to be special |Rib08a] . 

The techniques used in the proof of theorem 13.11 in |Rib08a] are a 
simplified version of the ideas in the proof of theorem 14.11 later in the 
paper. 

The next proposition shows that the formal invariants of the germs 
induced by a up-diffeomorphism at its fixed points are basically also 
formal invariants of (p. Philosophically the origin is not much different 
than any other fixed point. Thus the property in question ([2]) holds 
true for generic points. 

Proposition 3.5. Let ipi, (p2 G P/. Consider an irreducible component 
7 of f = 0. Then fi^*(p2 implies that ipi and ip2 are conjugated by an 
element 0/ Diffp(C"~*'"'^, g) for a generic 5' G 7. Moreover this property 
is satisfied for any q ^ if 'y is a unipotent component of Fix{(pi). 

For us the complementary of a proper real analytic set S" C 7 is 
generic. 

Proof. We have that y9i~*y92 implies that d{x o ipi)/dx = d{x o (p2)/dx 
in 7. Suppose that 7 is non- unipotent with respect to (pi, since ipi is 
unipotent then d{x o ipi)/dx : 7 — )■ C is a non-constant function whose 
value at the origin is 1. By taking g G 7 \ {d{x o {pi)/dx G we 
avoid the small divisors issues to obtain that v?i and ip2 are conjugated 
by an element of Diffp(C""'"^, q). 

Suppose that 7 is unipotent. Let ipj = exp{ujfd/dx) for j G {1,2}. 
There exist units Ui, U2 G C{x, Xi, . . . , x„} such that Uj — Uj G (/) for 
j G {1,2} by prop. 13.31 The homological equation associated to ipi 
and ip2 is of the form 

da _ / 1 1 

dx \Uif U2f 
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where K G C[[x, Xi, . . . , a;„]] is u.t.f. along 7 by prop. I3.3[ Since 
da/dx = is obviously special then da/dx = l/(ni/) — l/(M2/) is spe- 
cial. Moreover it has an analytic solution (lemma 5.5 in |Rib08a] ) . As a 
consequence ipi and v?2 are conjugated by an element of Diffp(C""'"^, q) 
for any g G 7 in a neighborhood of the origin by theorem 13.11 □ 

Remark 3.1. Let cp = {x + y ~ x"^ ,y) E Diff „p(C^, 0). There exists 
T = exp{u^{y — x^)d / dx) such that ip^^r by lemma WTB, Now consider 
Xo such that 1 — 2xo is a root of the unit different than 1. The germs 
induced by T^y=xf^ (^iT'd V\y=xl at x = Xq are not formally conjugated since 
the former one is periodic (it is embeddable) and the latter one is not. 

Hence t and (p are not conjugated by an element o/Diff(C^, (xo,a;o)). 
Thus proposition \3.5\ can not be improved to the whole 7 instead of a 
generic subset. Clearly there is no u.t.f. (along y = x"^) transformation 
conjugating (p and t. 

Remark 3.2. Let 'pi,'P2 £ l^f with (pi^*(p2- On the one hand remark 
\3.1\ implies that formal conjugations in general are not u.t.f. along 
non-unipotent irreducible components of f = 0. On the other hand 
the possibility remains open for unipotent components by proposition 
\3.5[ This discrepancy justifies why we do not require conjugating map- 
pings to be u.t.f. along non-unipotent components when defining the 
equivalence relation 



4. Transversaly formal conjugations 

In this section we provide a necessary and sufficient condition to 

assure that two elements ^1,^2 in T^f satisfy ~* ^2- The condition 
is stated in terms of the homological equation. 



a 



Lemma 4.1. Let f = fpU^ifj ^ Consider 
special solution d of a homological equation da/dx = K / f where K in 
C[[x, xi, . . . , Xn]] is t.f. along / = 0. Then a is of the form 



where r G C{x, Xi, . . . , x„} and (3 G C[[x, Xi, . . . , x„]] . 

Proof. We have K/ f = Kq/ f + Ki for some Kq G C{x,Xi, . . . ,x„} 
and Ki G C[[x, Xi, . . . , x„]] by proposition 13.31 The special equa- 
tion da/dx = Kq/ f has a convergent solution ao = t /{fp 11^=1 fj ^) 
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(lemma 5.5 in |Rib08a] ). There exists C ^ C[[ 11 such that 

d(/dx = Ki. We deduce that d{a — ao — ()/dx = 0. Since 

p 

(d - ao - Ofp Yl ^ '^[[^^ xi, . . . , x„ll 
i=i 

then a — tto — C is of the form i/ fp where ^ G C[[xi, . . . , x„ll. Now we 
define (3 = fpl + I □ 

Definition 4.1. Let ipi, G such that i^x^^i^^- Consider a special 
solution a of the homological equation associated to (fi,(f2- By the 
previous lemma we have a = ao + (3/ fp where ao is convergent and 
special and (3 belongs to C[[x,xi, . . . ,x„ll. We say that a converges by 
restriction to an irreducible analytic set 7 ^ {fp = 0} if there exists 
K G C{x,Xi, . . . such that (3 — k ^ ^{l)- say that a is t.f. 
(resp. u.t.f.) along an analytic set '-y if (3 is t.f. (resp. u.t.f.) along '-y. 

Our goal in this section is proving: 

t lit 

Theorem 4.1. Let £ T^j- Then (pi ~* (p2 (resp. (pi 1^2) if 

and only if there exists a special solution of the homological equation 
associated to '^\,^2 which is t.f. (resp. u.t.f.) along fp = and 
converges by restriction to f^ = 0. 

The next lemma is the first step in the proof. It implies that conver- 
gence and formal transversality along generically transverse irreducible 
components of the fixed points set are equivalent properties for special 
solutions. 

Lemma 4.2. Let f = fp ]Yj=i f/ e C{x , Xi , . . . , Xn }. Fix I < j < p. 

Consider a special solution a of a homological equation da/dx = K / f 
(K G C[[x, Xi, . . . ,x„llj such that a converges by restriction to fj = 0. 
Assume that K is t.f. (resp. u.t.f.) along fj = 0. Then a is t.f. (resp. 
u.t.f.) along fj = 0. 

Proof. Suppose K is u.t.f. along fj = 0, the t.f. case is simpler. By 
lemma HiT] the solution a is of the form T/{fp YYj=i // ^) + P/ fp- By 
the proof of lemma HTT] the series /3 satisfies 80 / fp)/dx = Ki for some 
i^i in C[[x ]]. Moreover Ki is u.t.f. along fj = 0. 

Let us explain the idea of the proof. By hypothesis there exists 
f3i G C{x,Xi, . . . ,Xn} such that (3 — /3i belongs to the ideal (fj). It 
suffices to prove the existence of a neighborhood of in C""*"^ such 
that given G 0{W) with f3 - [3^ e {f}) we can find /3k+i G 0{W) 
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satisfying /3 — (3k+i G {fj~^^)- We show that — (3k)/ fj converges by 
restriction to fj = 0. We can obtain I3k+i of the form + fj^ where ^ 
is the Weierstrass remainder of dividing (/3 — Pk)l by fj. 

Consider coordinates {y,yi, . . . ,yn) in C"'*'^ such that fj = does 
not contain ?/i = ... = ?/„ = 0. We denote u = u^fj^y, 0, . . . , 0)) the 
multiphcity at y = 0. Up to a muhiphcative unit fj can be expressed 
in the Weierstrass form 



y" + a^-i{yi, . . + . . . + ao(l/i, • • • , 2/n) 

where Uj G C{yi, . . . , ?/„} for any < j < z/. We denote by 

vi{yi, ■ ■ ■ ,yn)^ ■ ■ ■ ^Vuiyi, ■ ■ ■ ,yn) 

the u points (counted with muhiphcity) in {fj = 0} fl H'^^^iyk = 2/^}- 
We define 



A{yi,...,yn) = lf[(^or]k] JJ iVk-Vif] 

\k=l ^ ^ l<k<l<u ) 



• • • 



The function A is continuous and holomorphic outside of A = 0; thus 
A belongs to C{?/i, . . . , ?/„}. We choose a domain iy = ?7x\/cCxC'^ 
in coordinates (y, . . . , ?/„) such that A G O(l^) and 

a = fjh where a G Oiy^) and 6 G C{?/, . . . , ?/„} ^ 6 G 
a = A6 where a G and h G C{yi, ...,?/„} ^ & G 

For a more detailed discussion on the existence of V and W see section 
4.2 of [RibOSa] . By shrinking f/ and \^ if necessary we can suppose 
that there exist /3i G OiyV) and a sequence G (9(1^) such that 
/3 - /3i G {fj) and i^i - i^i.fe G for any A; G N. 

Now we prove that given G 0(1^) (fc > 1) such that G 
there exists G C»(W^) such that /3 - G (/j'^^). We have 

/3 = + where ^ G C[[x 11. We obtain 

Therefore fpK^^k - dPk/dx G belongs to the ideal Uj'^)- By 

the choice of W we obtain that L (fpKi k — df3k/ dx) / f^~^ belongs 
to 0{W). Moreover k{dfj/dx)^ — L belongs to (/,). We define 

j-j- y-Vm 



-t 



^^^/^^ urn) - 
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for {y,yi, . . . , t/n) G C x V. The meromorphic function ^ is a polynomial 
of degree at most z/— 1 in the variable y. Moreover is holomorphic in 
a neighborhood of the origin. Since we have ^kA{dfj/dx) — LA G (/,) 
by definition of ^ then ^A — ^A belongs to (/,). Consider the unique 
element ^' G C[y] [[yi, . . . , such that deg^^ ^' < u—l and ^—^ G (/-,). 
Then we have ,^'A = ^A in C[[y, yi, ?/„]]. Thus the coefficients 
6 G 0{V) of ^A = ^^To ^W^ belong to (A) for any < / < z/. By 
the choice of V the function ^ belongs to 0{W). Moreover ^ clearly 
satisfies ^ — ^ G (/j), thus we can define (3k+i = f^k + fji- □ 

Now we can adapt the proof of theorem 13.11 that can be found in 
[RibOSaj to prove the sufficient condition of the theorem 14.11 



proof of the sufficient condition in theorem \4-l\ Let d be a special so- 
lution of the homological equation associated to ipi and ip2- Suppose 
that a converges by restriction to /at = and that a is u.t.f. along 
fp = (the t.f. case is analogous). By lemma IT2] and proposition 
13.31 the solution d is t.f. along /at = and u.t.f. along the unipotent 
irreducible components of fjy = 0. 

Let us use the path method (see |Rou75j . |Mar87j ). The infinitesimal 
generator log (pj of (pj is of the form Ujfd/dx. We define 

^ _ UiU2 ^ d 

^ zui + (1 — z)u2 dx 

for 2; G C. The power series u\U2l{zu\ + (1 — ,2)^2) is a unit for 
z 7^ M2(0)/('U2(0) — Mi(0)). The homological equation associated to 
exp(Xi) and exp(Xi4.2) is of the form da/dx = zK / f where K belongs 
to C[[a;,xi, . . . jXn]]. They are all special since the one corresponding 
to z = 1 is. We have that 

^ U1U2 J. d ^ d_ U1U2 J. d ^ Q 

zui + {l — z)u2 dx dz'' zui + {1 — z)u2 dx 
Suppose M2(0)/(m2(0) - Mi(0)) ^ [0, 1]. Then 

U1U2 , d d 

is a normalized element of Diff p(C"'+^, 0) conjugating ipi and (p2 (see 
prop. 5.10 in |Rib08a] for more details). Since a, ui and 112 are t.f. 
along / = then a is t.f. along / = 0. Denote by V the union of 
the unipotent components of / = 0. The expression for a implies that 
X o (J G lim^^Gvnw I ^iyy (see def. 13. 4p for some open neighborhood 
W of the origin. By lemma 13.11 we obtain that a is u.t.f. along the 
unipotent components of / = 0. 
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Suppose 'U2(0)/('U2(0) — Ui{0)) G [0, 1]. Proceeding as previously we 
obtain exp(Xi) exp(Xi+j) and exp(Xi+j) exp(X2). This implies 

V^l ~* f2- U 

Let us introduce the tools to prove the necessary condition in theo- 
rem I4.1[ Take a holomorphic function ip defined in some simply con- 
nected open subset W of U \ {f = 0} for some open neighborhood U 
of the origin. We say that ip is an integral of the time form of fd/dx 
if ip o exp{t fd/dx) = ip + t for t G C. This condition is equivalent to 

dx dx f 

The last condition can be used to extend ip along any continuous path 
7 : [0, 1] [n]^i{xj = n[U\{f = 0}] such that 7(0) G W. In 
fact the value ipili'^)) ~ i'ili^)) does not depend on the choice of ip 
but only on fd/dx and 7. 

Let 11^=1 fj^ be the irreducible decomposition of /at. Next we explain 
how we can define ip o a — ip for any a G Diff p(C"+"'^, 0) such that 
X o a — X G (11^=1 fj)- Fix A; G N. We consider 

p 

ak = (x + AkY\_ fj, xi,..., Xn) 

i=i 

where G C{x, xi, . . . , x„} and x o a — x oak £ trv'^ (rh is the maximal 
ideal of C[[a;, xi, . . . , Xn]])- 

Let ?7 : [0, 1] — )• C be a path admitting a holomorphic extension 
rj : U — > C to a neighborhood of [0, 1] and such that ri{0) = 0, 77(1) = 1 
and 1 + vWiid{x o a)/dx){0) - 1) ^ for any A G [0, 1]. We define 

/3{x, xi, . . . , Xn, A) = (x + ?7(A)(x o ak{x, xi, . . . , x„) - x), xi, . . . , x„, A). 

We have (3 G Diff(C"+2, (0, . . . , 0, A)) for any A G [0, 1] by the choice of 
7] and the inverse function theorem. By construction / = is invariant 
by /3, therefore the path A) ^ {/ = 0} for all g G f/ \ {/ = 0} and 
AG [0,1]. 

Let q ^ {f = 0}, we define 

{ipoak- ip){q) = ipi{(^k{q)) - ^o(g) 

where ipo is a holomorphic integral of the time form of fd/dx in the 
neighborhood of q and ipi is the analytic continuation of ipo along the 
path /3g : [0, 1] -> C"+i \ {/ = 0} given by /3,(A) = /3{q, A). 
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We have 

f dijj f ^ 

ijj oak-ilJ = J -Q^dx = O yji^ oak - x)j = O 

and 

{3} {^jj o (jk - ^/J o (ji){q) = dx = 0[ (g) 

J{xoai){q) \ J 

Therefore {ip o ak — 'ip)fF YYj=i // ^ ^ C{x, Xi, . . . , x„} converges in 
the Krull topology to a series we denote hj {ip o & — ip)fF YYj=i f] 



u-i 



ut 



proof of the necessary condition in theorem 4-1 ■ Suppose that (pi 



(the case Lpi ~* is simpler). Consider a normalized a G Diff p(C'^+\ 0) 
conjugating ipi and ip2 and such that a is t.f. along / = and u.t.f. 
along the unipotent components of / = 0. 

Let iij = {\ogipj){x)/f for j G {1, 2}. We choose u G C{x, xi, . . . , 
such that U2 ~ u G (/). Denote = l/{u2f) — ^/iuf), we have 
that K G C[[x,Xi, . . . ,Xn\] is u.t.f. along /f = by proposition 13.31 
Hence we have K = Y^JLo^jfr where Kj G 0{U) for any j > 
and some open neighborhood U of 0. For a good choice of U there 
exists 7j G 0{U) such that d'yj/dx = Kj for any j G N U {0}. Now 
7 = J^'jLoljfF is u-t.f. along fp = ^ and it satisfies d^/dx = K. 

Consider an integral if) of the time form of ufd/dx. We have that 
d{jp + 7)/(9x = l/{u2f). Since a conjugates log ipi and log (^92 "we obtain 
+ 7) o = 1/ (mi/) where ip o a = ip + {"ip ° d' — ip) . Therefore 

a = (V^ + 7) o a -(■?/; + 7) 

is a solution of the homological equation associated to (pi and (p2. More- 
over a is special since ipoa — ip is special. By the choice of 7 we obtain 
that 7 o 0" — 7 is u.t.f. along fp = 0. It also converges by restriction 
to /at = since 7 o a — 7 G ■>/ (/iv). Let be the union of the unipo- 
tent components of / = 0. Consider G Diffp(C"+\0) such that 
X o a — X o (Tk G [f'^) for any k >2. By hypothesis we can suppose that 
for any k > 2 the diffeomorphism cxfc is defined in the neighborhood 
of y n Ty for some open neighborhood of independent of k. The 
function {tpoak — ip)fp YVj=i fj ^ belongs to Gynw for any k > 2. The 

equation ([3]) implies that {ip oa — 'ip)fp YYj=i fj ^ is t.f. and also u.t.f. 
along the unipotent components of / = 0. Now we obtain that 

« = (t/^ o (J — ■?/;) + (7 o (T — 7) 

is u.t.f. along fp = and converges by restriction to /at = 0. □ 
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We claim that in most situations theorem 14.11 can be improved and 

ut 

we have (pi ~* (p2 if and only if there exists a special solution of the 
homological equation converging by restriction to J'n = 0. Up to sub- 
stracting an special analytic equation we can suppose that the homo- 
logical equation is of the form 

„ oo 
3=0 

where Kj G 0{U) for any j > and some open neighborhood U of 0. 
Suppose that /at = is empty. We can consider an analytic solution 
aj G 0{U) of da/dx = Kj for any j > 0. Then a = Yl'jLo^^jf'F ^ 
u.t.f. special solution of the homological equation. 

Suppose that /at = contains a smooth hypersurface 7 given by an 
equation x = h{xi, . . . , Xn)- We require aj to satisfy {aj)\^ = for any 
j > to obtain a solution a that is u.t.f. along /f = and vanishing by 
restriction to 7. Any other special solution of the homological equation 
converging by restriction to 7 is of the form a + C,{xi, . . . .a;„) / fp where 
C, G C{xi, . . . , Xn}- Hence the existence of a special solution converging 
by restriction to /at = implies that a converges by restriction to 
/at = and is u.t.f. along fp = 0. We can apply theorem 14.1 [ 

The examples above do not describe all the situations where con- 
vergence of a special solution by restriction to /at = implies u.t.f. 
behavior along fp = 0. Anyway by the previous discussion the coun- 
terexamples provided by the Main Theorem and theorems 12.11 and 12.21 
can only obtained if /at = contains the line / = {xi = . . . = x„ = 0} 
or otherwise if /tv = neither contains / nor it is a smooth hypesurface 
transversal to d/dx. Both these settings represent obstructions to the 
existence of t.f. conjugations (see sections [7] and [6] respectively). 

5. Polynomial families 
Fix / G C{x, xi,...,Xn} such that /(O) = df/dx{0) = 0. We define 
V'j = {^eVf:xo^-xo exp{fd/dx) G (f)}. 

The family "Dj is a subset of "Dj whose elements belong to the same class 
of formal conjugacy. In fact given V^2 ^ ^'f the homological equation 
associated to ipi, ip2 is special since it is of the form da/dx = K for 
some K G C[[x, Xi, . . . , x„]]. 

We consider <^o ^ T^'f'-, "we define the polynomial family 

V2A,A = {xOipQ + XfA, Xi,...,Xn) 

where A belongs to C{x, xi, . . . , Xn}- 
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The idea is using potential theory to obtain necessary conditions in 

order to have exp(fd/dx) (fx^A for any A e C. These conditions are 
obtained by derivating the homological equation with respect to A. 

Next we show that the homological equation associated to exp{fd/dx) 
and v^A.A is polynomial in A. This is key to prove that either we have 

exp{fd/dx) ~* (^A,A VA G C or Gyop{fd/dx) y?A,A for generic A. 

Lemma 5.1. Fix ipo G V'j- and A G C{x, Xi, . . . , The infinitesimal 
generator log ipx a is of the form 



d_ 

dx 



(4) log<^A,A = / E %o,...j„(A)x^°n4'= 

\0<io,-Jn fe=l 

where ajo,...,jn '^^ entire function for any < joi • • • ? Jn- 

The proof of the previous lemma is straightforward by using unde- 
termined coefficients. We can give a more precise description of the 
nature of the coefficients 

Lemma 5.2. The coefficient polynomial whose degree is 

less or equal than Jo + ■ ■ ■ + jn for any < jo, . . . , jn- 
Sketch of proof. We consider the diffeomorphism 

Ta = {x/ A, Xi/A, . . . , Xn/\) O (pi/X,A O (Ax, \Xi,..., XXn). 

Denote u the multiplicity of / at 0. Let / = f{\x, \xi, . . . , \Xn)/\^ ■ 
We have 

' X O T\ — x\ , , f X O — x\ , 

^)(0,...,0)^(^_)(0,...,0) 
for any A G C. Again by using undetermined coefficients we obtain 

logrA = A^-V~( E ^.o,...,.„(A)x^°n4'= 

where bjQ^,„j^ is an entire function for < jo, • • • ,jn- This implies that 

%„,...,..(l/A)A^"+-+-'"=6,o,...,,„(A) 

for any < jo, ■ ■ ■ , jn- Since the functions involved are entire functions 
then ajQ^... .,„ is a polynomial such that deg ajg^... j„ < Xlfc=o^*; 
0<jo,---,Jn- □ 
Proposition 5.1. Fix (po G Vj- and A G C{x,Xi, . . . Then the 

homological associated to exp{fd/dx) and (fix,A is of the form 

n 

da/dx= E d,,,...,M^^^U^i' 

0<jo,---:jn k=l 
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where djg^,„j^ E C[\] satisfies deg < jo + • • ■ + jn + v{f) for any 

< jo) • • • ! in (^{f) is the multiplicity of f at 0). 

Proof. As a consequence of lemma 15.21 the homological equation 

da f (log(^A,A)(a;)// - 1\ 1 



dx \ {\og(px,A)ix)/ f J f 
associated to exp{fd/dx) and (px^A is of the form 

since (\og(px^A){x) — / G (/^); this is a consequence of (/9a,a ^ for 
A G C. By lemma [52] we deduce that (ijo, - jn is a polynomial such that 
deg c^io,...jn < '^(Z) + ELo Jk- □ 

The structure of the homological equation makes useful the next 
theorem. 

Proposition 5.2 f |PM01j ). Let 

m 

0<jl,---,jm k = l 

where Pj^,...,j,„ G C[A] and deg Pj^,...,j^ < A Y.k^i h + B for some A, B 
in R and all < ji, . . . ,jm- Then either P{X, yi, . . . , ym) is convergent 
m a neighborhood of yi = . . . = ym = or P(A) C{yi, . . . , ym} for 
any A G C outside a polar set. 

A polar set (see |Ran9 5]) has measure zero and zero Haussdorff di- 
mension. Moreover, it is totally disconnected. 

Definition 5.1. We define the derived equation 

da d f —1 A ddj^ j -px 



1^=0 0<j0,...,jn k = l 



associated to exp{fd/dx) and fx,A- ^^^■^ equation is easier to handle 
than the homological equation since we can relate it to 



da f d{x o ifo) \ ^ [ f ^ ^ 



dx \ dx J \{\og(po){x 



A. 



This equation will be called the reduced derived equation associated to 
exp{fd/dx) and ipx,A- 
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The property exp{fd/dx) v^a.a for any A G C implies convergence 
of special solutions in /^v = for the homological equation associated 
to exp{fd/dx) and v^a.a and any A G C. The dependence on A is 
holomorphic by proposition I5.2[ Thus there exists a solution of the 
derived equation that converges by restriction to /at = 0. In order to 

prove that there exists Aq G C such that exp{fd/dx) V^Ao,a it suffices 
to show that the derived equation does not have solutions converging 
by restriction to /a? = 0. Indeed we can replace the derived equation 
with the simpler reduced derived equation by the following proposition. 

Proposition 5.3. Fix (fo ^ ond A G C{x,xi, . . . ,Xn}- We con- 
sider a union E of some irreducible components of f = 0. Then the 
derived equation associated to exp{fd/dx) and ipx^A has a formal so- 
lution converging by restriction to E if and only if the reduced derived 
equation has a formal solution converging by restriction to E. 

The previous proposition implies proposition 12.21 

Proof. Denote ux = [(fogV'A,A)(a;)]//. Since xo{px,A~^°'^o ^ (/^) we 
can express iix in the form 

oo 

Ux = uo + f^UjX^ 
i=i 

where Uj G C[[x,Xi, . . . ,Xn]] for any j G N. The derived equation is 
equal to da/dx = ui/uq. Now, we want to express {d{x o v9A,A)/f^A)|A=o 
in terms of Mi. We have 

where ci = f^ui and c^+i = {\ogipo){cj) + {fui/uQ){\ogipQy^^{x) for 
any j G N. From these formulas we can prove that 



fc=l 

^0/ 



by induction. Remark that ilogipo) {uif /uq) = uif /uq. Therefore we 
obtain 

/^A= E 7-^frtVlog^o)'=(x)(log^oyf^y 
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We simplify to get 

(log(^o)''(a;) A {logfoYiuif/uo) 



Since (log</?o)(2; o i^q) — Yl'^=iO-^SVo)''{x)/{k — 1)! then we have 

^ + V dx J uo - 

Now consider the equation 

da 1 ^ {log(poy{uif/uo) f d{x o ipQ)\~'^ A 



E 



9x ^o/ O' + l)' \ dx J u, 



^12 ■ 



The last equation is the reduced derived equation; since the derived 
equation is da/dx — Ui/uq then it is enough to prove that the equation 

9a ^ J_ ^ (log ipoy{uif/uo) 

dx~uofjr[ + 

has a vanishing formal solution on / = 0. That is clear since 



a 



= E 



is the desired solution. □ 

The reduced derived equation associated to exp{fd/dx) and (fx^A is 
linear on A G C{x,xi, . . . ,a;„}. It is not convergent in general; more 
precisely for A ^ the right-hand side of the equation belongs to 
C{x, xi, . . . , Xn} if and only if log (po is convergent. 

6. Transport phenomenon 

In the next two sections we introduce the phenomena on / producing 
the existence of couples (pi,<f2 £ T^f such that <fi^*<f2 but ^pi 7^* (p2- 
The first set of examples is contained in Vf for / = — Xi)^. We 
relate the existence of u.t.f. conjugations with properties of the reduced 
derived equation. 

Fix / = — Xi)* G C{x,Xi} for some {a,b) G N^. Throughout 
this section we denote Xi by y. Consider ip G C Diff ^jp(C^, 0). Let 
a^ G C[[a;,i/]] be a solution of the homological equation associated 
to exp{fd/dx) and cp. Then the set of special solutions of is of the 
form a^ + C[[y]]. We define an operator Sa,b '■ T^'f — >■ given by 
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The definition of Sa,b{f) does not depend on tlie clioice of d^. 

Proposition 6.1. Fix f = x°'{x — y)^ and G Pj. Then Sa,b{'^) is 
convergent if and only z/exp(/9/9x) ~* (p. 

Proof. Implication (<^=). Tliere exists a solution a^p G C[[x, y]] of the 
homological equation associated to exp{fd/dx) and (p such that 
converges by restriction to x{x — = by theorem 14.11 Then Sa,b{'p) 
belongs to C{y}. 

Implication (^). Let G C[[x, y]] be the solution of the homolog- 
ical equation associated to exp{fd/dx) and ip such that a^{0,y) = 0. 
This implies a^{y,y) = Sa^biv)- Thus converges in x{x — y) = 0. 
We are done by theorem 14.11 □ 

Let G C[[x,?/]] be a solution of the homological equation as- 
sociated to exp{fd/dx) and ip. Once we choose d(p(0,?/) the solu- 
tion is "transported" and a^{y,y) is determined. There always ex- 
ists dgj G Diffp(C^,0) which is t.f. along x = jy and conjugates 
exp{fd/dx) and ip for any j G {0, 1}. But if Sa^bif) diverges then 
is not t.f. along x = y whereas a^^i is not t.f. along x = 0. 

Fix / = — y)* and ipo G Vj. Given A G C{x,y} consider a so- 
lution £ of the derived equation associated to exp{fd/dx) 
and v^AA- define the operator 5'a,fe,<^o : C{x,y} — )■ C[[y]] given by 

Sa,b,^oi^)iy) = "A(y,y) - aA(0,y). 
The operator is well-defined. Moreover by proposition 15.31 we can re- 
place in the definition of Sa,b,ipoi'^) series a a by a formal solution 
of the reduced derived equation associated to exp{fd/dx) and fx^A- 

Proposition 6.2. Fix f = x°'{x — y)^ and ipo G V^. We have 

dSg^bj'PXA) _ Q /AX 

, ~ ^a,b,ip(){^ 
OA |A=0 

for any A G C{x,y}. Moreover if Sa,b,ipo{C{x,y}) (t C{y} then there 
exists (p E V'j such that exp(/(9/(9x)~*(y9 but exp{fd/dx) (p. 

Proof. The first part is true by definition. The proposition 15.11 implies 
that Sa,b{,P'\A) is of the form J^JLi f^jWV'^ where f3j G C[A] satisfies 
deg/3j < j + {a + b — 1) for any j G N. Suppose we have A G C{x, y} 
such that Sa,b,ipo{^) ^ ^{v}- Thus we have that Sa,b{,'P\,A) ^ ^{v} 
any X ^ E where E is a polar set (prop. 15. 2p . Now choose Xo ^ E and 
define (p = v^Aq.a- On the one hand ipr^^exp{fd/dx) since ip G Pj. On 

the other hand we have (p exp(fd/dx) by proposition 16. 1[ □ 
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7. Bad position with respect to d/dx 

Fix / = {x2 — xxiY G 'C{x,Xi,X2} for some c G N. Throughout 
this section we denote xi by y and X2 by z. Consider ip G V'^. Let 
a^p G C[[x, be a solution of the homofogical equation E^p associ- 
ated to ex^{fdx) and p. Then the set of special solutions of i?<^ is 
of the form + C[[?/,2;]]. We can express a^{x,y,xy) in the form 
J2o<j k (^j,k{.v)x^y^ ■ We define an operator Tc : "Dj — )■ C[[x, y]] given by 

0<k<j 

The definition of Tc{(p) does not depend on the choice of a^,. 

Proposition 7.1. Fix f = {z — xyY and p G Vj. Then Tc{ip) is 
convergent if and only if exp(fd/dx) ~* p. 

Proof. Implication (<^=). By theorem 14 . 1 1 there exists a special solution 
a^, of da / dx = 1 / f — l/(log(^)(x) converging by restriction to / = 0. 
Thus a^{x,y,xy) belongs to C{x,y} and then Tc{ip) G C{x,y}. 

Implication (^). Let be a special solution of the homological 
equation associated to exp{fd/dx) and ip. We define 

0<j<k 

Then /3 is a solution of the homological equation. Moreover, since 
/3{x,y,xy) = Tc{ip){x,y) then f3 converges by restriction to / = 0. We 
obtain exp{fd/dx) ~* p by theorem 14.11 □ 

Fix f = {z — xyY and Pq G Vj. Given A G C{x,?/, z} consider a 
formal solution = Tlij k i C(j,k,ix^y^z^ of the derived equation associ- 
ated to exp{fd/dx) and v^a.a- Let Tc^^g : C{x,y,z} — )■ C[[a;,?/]] be the 
operator given by 

k<j 

The operator is well-defined. Again we can replace the derived equation 
by the reduced derived equation in the definition. The next proposition 
is proved in an analogous way than proposition 16.21 

Proposition 7.2. Fix f = {z — xyY and po G Vj. We have 



dX |A=o 



^c,^o(A) 



EXTENSION OF FORMAL CONJUGATIONS 



27 



for any A G C{x,y,z}. Moreover if Tc^^^^{C{x,y, z}) (t C{x,y} then 
there exists (p G Vj such that exp{fd/dx)^^,ip but exp{fd/dx) ip. 

Here there is no transport phenomenon since '^{zQ — xy^ = 0} < 1 for 
(l/O) ^o) 7^ (0, 0). We aheady know that the nature of fibered and non- 
fibered irreducible components of / = is different. This case is hybrid 
since z = xy is non-fibered but contains the fibered hne y = z = 0. 
The lack of transversality oi z — xy = Q with respect to d/dx is to 
blame for the lack of t.f. conjugations. 

We can naturally increase the transversality between z = xy and 
d/dx by considering the blow-up vr : — )■ with center at the line 
y = z = 0. Since the tangent cone of z — xy = is z = we consider 
the chart x = x, y = s, z = st. We obtain 

{fon){x,s,t) = s%t-xr. 

Denote the point (x, s, t) = (0, 0, 0) by q. The divisor s = is a fibered 
irreducible component of / o vr = whereas the strict transform x = t 
of / = is transversal to d/dx at q. Since we can find a solution of the 
homological equation vanishing on t = x then there exists a t.f. o";^ in 

Diffp(C'^, q) conjugating exp{fd/dx) and ip for any ip G "Dj. In spite of 
this there is no choice in general of a^p such that Troa^on^^^^ extends to 
an element of Diff p(C^, 0). The way z — xy = folds around y = z = 
is avoiding the existence of t.f. conjugations. 

8. Proof of the main theorem 

In this section we prove that the equivalence relations and ~* do 
not define the same classes of equivalence. Some technical details are 
postponed for the next sections. 

Fix V G C[[x,y]]. We define : C[[x,y]] C[[y]] given by 

^2(9) = ag{y,y) - ag{0,y) 

where ag G C[[x,y]] is a solution of da/dx = vg. 

Fix V G Cllx, y, z]]. We define L3 : C[[x, y, z]] — t- C[[x, y]] given by 

k<j 

where Ug = J2j k i (^j,k,ix^y^z^ ^ z\\ is a solution of da/dx = vg. 

The next propositions and prop. 12.11 will be proved in next sections. 

Proposition 8.1. Fixv G C[[x, ?/]]. Then L2{C{x,y}) C C{y} implies 
V G C{x, y}. 
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Proposition 8.2. Fix v G C[[2;, y, z]] . Then L'^^{C{x,y,z}) C C{x,y} 
implies v G C{x, y, z} . 

The following theorems provide the examples for the Main Theorem. 

Theorem 8.1. Fix f = x^^x - yf. There exists ip E V'j C Diff „p(C^ 0) 
such that exp(fd/dx)r^^(p but exp(fd/dx) Lp. 

Theorem 8.2. Fix f = (z - xyf . There exists ip E Vj C Diff „p(C^ 0) 
such that exp(/5/(9x)~*v^ but exp{fd/dx) Lp. 

Obviously theorems 18.11 and 18.21 imply theorems 12.11 and 12.21 respec- 
tively. 

•prooj of proposition \2.!A We have 

Sa,b,^A^{x,y})GC{y} =^ Ll{C{x,y})EC{y} 

where v = {d{x o ip^) /dx)^^ {f / {logipo){x))'^ by proposition 15.31 Thus 
log ipo converges by proposition 18. 1[ □ 

proof of theorems \8.1\ and\KM We suppose that we are in the situation 
described in theorem 18. 1[ Otherwise the proof is analogous. Consider 
ipo E Vj such that logy^o is divergent; it is possible by proposition 12.11 
(the proof is in section[9]). We obtain 5'a,6,<^o(C{x, y}) ^ C{y} by prop. 
The result is a consequence of prop. 16. 2[ □ 



proof of the Main Theorem. Fix / = x"'{x — xi) for some (a, b) G N^. 
Let ipi = exp{fd/dx). There exists (p2 E Vj G Diff„p(C^,0) such that 

^1 ^* 'P>2 by theorem 18. 1[ We claim that there is no o" G Diff (C^,0) 
such that it is t.f. along x{x — X\) = and conjugates ipi and (p2- 
Suppose this is false. The series Xi o a E C[[xi]] is t.f. along x = 
and then xi o a E C{xi}. Let us consider a E Diff (C^,0) such that 
Xi o a = Xi o a and xoa — xoaE (/^). The mapping a o Lpi o cr(~^) 
belongs to V'jr by the choice of a. Since 

log(cT O y9i o ^) = — — 

o[x o ay-^>) / ox ox 

is convergent then exp{fd/dx) and a o ip^ o cr^'^^ are conjugated by a 
normalized r] E Diff p(C^, 0). Therefore a o a^~^^ o is a normalized t.f. 
element of Diffp(C^,0) conjugating ipi and (p2- That is contradictory 
with our choice of ipi and (p>2- 

For n > 1 and j E {1, 2} we define 

ipj^nix, Xi,..., Xn) = (XO Lpj(x, Xi) , Xi, . . . , X^) ■ 
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Fix n eN. Since ipi,n,<^2,n d Diff t,p(C"+\ 0) then v5i,n~*V52,n by 

theorem 13.11 We claim that there does not exist an G Diff (C"^^,0) 
such that it is t.f. along x{x — xi) = and conjugates ipi^n and ip2,n- 
Suppose it is false; the property (T„{x(x — xi) = 0} = {x{x — xi) = 0} 
implies that the first jet of 

in{x, Xi) = (x O CTnix, Zi, 0, . . . , 0), Xi O (J„(a;, Xi, 0, . . . , 0)) 

is an invertible linear mapping and then ^„ G Diff (C^,0). Clearly ^„ 
is t.f. along x{x — xi) = and it satisfies o V^i = V^2 o Cn- That is 
contradictory with the first part of the proof. □ 

Remark 8.1. Let f = (x2 — xxiY- We can choose the examples (pi, 
provided by the main theorem in C Diff up(C""'""^, 0) for any n>2. 
The proof is analogous to the previous one. 

Remark 8.2. Consider f = x'^{x — xi)^ . Suppose that there exists 
a G Diff (C""'""'^,0) conjugating exp{fd/dx) and ip G V^f) such that a 
is t.f. exactly along one irreducible component of f = 0. By changing 
slightly the previous proof we can show that exp{fd/dx) and ip G 
are not analytically conjugated. Intuitively, if a homological equation 
has a solution that converges in exactly one component then Sa.bif) is 
divergent. This is an obstruction to the existence of analytic conjuga- 
tions. 

9. Divergence of the infinitesimal generator 

proof of prop. {2Jl Suppose /7v(0) ^ 0. Consider r gP^iC Diff (C^, 0) 
such that logr is divergent (Voronin's paper in [IV"'"92j ). Moreover 
logr is of the form u{x,Xi)xid/dx where u diverges. Consider the 
mapping a : C"+^ given by a{x, Xi, . . . , x„) = {x, fp^Xi, a;„)). 

Now = cr^^^^ orocr is an element of Diff „p(C""'""'^, 0). Moreover logy^o 
is equal to {u o a)fFd/dx. As a consequence ip^ is an element of Vj 
whose infinitesimal generator is divergent. Since uoa is t.f. along / = 
there exists Uq G C{x, Xi, . . . , x„} such that {uo a) / f^ — uq G (/). The 
homological equation associated to exp('Uo/c^a;) and exp{fd/dx) is spe- 
cial. Thus there exists C, G Diffp(C""^^, 0) such that 

^ o exp{uofd/dx) = exp{fd/dx) o ^. 

We deduce that ^ o v^o ° is an element of Vj whose infinitesimal 
generator is divergent. 

Consider the decomposition 11^=1 In in irreducible factors. 

Suppose there exists 1 < k < p such that /fc > 2. Consider an open 
neighborhood U of the origin such that / G 0{U). We can suppose 
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that S = ({/fc = 0} n {dfk/dx 0}) \ U^^kifj = 0} is connected in U. 
We choose a point q = x^, . . . , x°) E U H S. By the choice of q the 
function fk{ coordinate in the hne n"^]^(xj = x^) in 

the neighborhood of x = x^. The one- variable theory of tangent to the 
identity diffeomorphisms implies the existence of J2'jLo ^j^'' ^ ^{2;} 
such that the infinitesimal generator of 

00 

(po = ixoexp{fd/dx) + Xjfl, Xi, . . . , Xn) 

j=0 

restricted to n'j^i{xj = does not belong to A'(C, We define 

T={ix\xl,...,xl) G Snf/: (log</.o)|n^^,(.,=.j) ^^(C,xi)}. 

By the one- variable theory S* \ T is analytic in S. Since q E T then the 
origin is contained in the closure of T. Therefore log ipo diverges. 

Suppose that Ij = 1 for any 1 < j < p. Choose any 1 < k < p. There 
exists a sequence of points = {x^ . . . ,x'!^) G {fk = 0} (r G N) 
such that limr_).oo = (0, . . . , 0) and {d{x o exp{fdx))/dx){qr) is a en- 
root of the unit for some Cr > 2. We can suppose that the sequence 
Cr is strictly increasing. Let A = (A<j)sgn be a sequence of complex 
numbers. We define 

00 

r]x = {xo exp{fd/dx) + ^ XjP^^, xi, . . . , x^). 

i=2 

Given Ai, . . . , A^-i there exists < K{\i, . . . , A^-i) < l/{cr + 1)! such 
that {rix)n^^ -^r\ is not the identity in the neighborhood of x = x'^ 
if < |Ar.| < i^^(Ai, . . . , Ar-i) and As G C for any s > r. Then 
{V\)n"_j^{xj=x^) is not the exponential of an element of X{C,x^) since 
then it would be periodic. As a consequence we can obtain by induc- 
tion a sequence < |Aj | < l/(cj -|- 1)! for any j > 2 such that log //a is 
divergent. We choose ip^ = rj\. □ 

10. The operator L"^ 

The goal of this section is proving proposition 18.11 The techniques 
were already used in |Rib09] . 

Let B"^ C C[[x, y\\ be the Banach space whose elements are the power 
series H = J2o<j k Hj^kX^y^ such that 

||i^|| = ^ \Hj^i\ < +00. 

0<j,k 
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We have C O{B{0, 1)^). Moreover, a function if G -B^ is continuous 
in B{0, 1) X 5(0, 1). Given v in C[[a;,|/]] we can define for j > 1 the 
hnear functionals ■ : — > C such that 



Ll{H) = Y,Ll,W 



for any H E B^ 



Lemma 10.1. Let v G C[[a;,y]]. Then is a linear continuous 
functional for any j G N. 

Proof We denote H = J2o<k,iHk,i{H)x''yK We have that 

k+Kj 

where c], ^ G C for all j > I and k + I < j. As a consequence we obtain 
\\Llj\\<maXk+i<j\4,i\- □ 

Lemma 10.2. Let v G C[[x, y]]. Either lim supj_j.;^ .^JJ\L^\ < +00 or 
-^2(-f^) *^{?/} /'^'^ ^'^^Z H in a dense subset of B^. 



Proof. Suppose lim supj-^Q^ ^1 jll = +00. We choose a sequence 
(oj) of positive numbers such that aj 00 and 



TV I 



lim sup — = +00 



Hence lim sup^_^(^ ||L2j/a^H = +00. We deduce that 

lim sup \Llj{H)\/a^j — +00 

for any ii in a dense subset E of B'^ by the uniform boundedness 
principle. Moreover, since 



3^00 



lim sup { \L'2 AH)\ > lim inf a,- = +00 



then L^(//) ^ C{y} for any G □ 

Proposition 10.1. Let v G C[[a;,|/]]. Suppose Ll{B^) C C{y}. Then 
there exists rj > such that Ll{H) G 0{B{Q,r])) for any H G -B^. 
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Proof. There exists 77 > such that hmsupj. 
lemma I1U.2I As a consequence 



\LU\ < 1/v by 



□ 



hm sup <J\IaJh)\ < hm sup {{I \\Ll^\\</m\) < l/v- 

That imphes that Ll{H) e C(5(0,r/)) for any H e B^. 

Proof of prop. \8.1[ Since L2(-B^) C C{?/} then there exists C > 1 such 
that 1 1 j 1 1 — C*-' for any j > 1 by lemma 110.21 We denote v = 
Y.o<k,i'"k,ix''yK We have 

^2,1(1) = ^0,0 ^|^^o,o|<||^2,illl|l|l<C. 
Analogously we want to estimate Vkfl, ■ ■ ■, vo^k for any A; > 0. We obtain 

/ ^o,k \ 

Hilb*^ 



V^k-l 



( ^2,.+l(l) \ 
-^2,fc+2(^) 



\ -^2,2fc+l(^^) / 



where Hilb'^ is the (A; + 1) x (/c + 1) Hilbert matrix; this is a real 
symmetric matrix such that Hilb^ ^ = l/(a + 6 — 1) for l<a,6<A; + l. 
Moreover Hilb*"' is positive definite and following |Kal01j we obtain that 



IKHilb'^) 



p 



Ky/k 



is the spectral norm, K = (87r3/223/4)/(l + ,/2) and 

'II < C'^+'+i. As a 



where 1 1 . . 

p = 1 + 72. We have \Ll,_^i+,{x')\ < \\Ll 
consequence we obtain 



k+l+l\ 



\V0,k, ■ ■ ■ , "i^fc.ol I2 



< 



P 



Ak 



Ky/k 

where limjt^oo h{k) = 0. This implies that 

4(«+m) 



< 



p 



for < /, m and then v E O{B{0, p'^C-'^ f 



V/ + m + l(72('+™)+i(l + h{l + m)) 



□ 



11. The operator L3 

Analogously we define the Banach space C C[[x, z\\ whose ele- 
ments H = Y.o<j,k,iHj,k,i^^y''z^ satisfy ||ff|| = Y.o<j,k,i\Hj,k,i\ < +00. 
We can define the operators L^j^k ■ B^ ^ C ioi < k < j such that 
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Ll{H) = J2o<k<j ^3,j,kiH)^''y'' ■ The following lemmas are analogous 
to those in section [TOl 

Lemma 11.1. Let v G C[[x, ?/, 2;]]. Then L^j^ o linear continuous 
functional for all < k < j . 



Lemma 11.2. Either snpQ^f.^j '^y I l-^3j,fcl I < +0° or Ll{H) ^ C{x,y] 
for any H in a dense subset of . 

proof of prop. \8.^ Since L'"^{B^) C C{x,?/} then there exists C > 1 
such that 11-^^3 J fcl I < C^^^ for all < A; < j by lemma [TL2l We denote 
V = J2o<j k I '^j,k,ix^y^zK Fix j, A;, / G N. Denote a = j + 1, b = k + 1 and 
d = max(6 — a, 0). We have 



Hilb 



a+d 



( V-d,b-a-d,a+d 
'V~d+l,b-a-d+l,a+d-l 



\ Va,b,0 



( 



I 



-^3,a+d+2,fe(^ 



d+\\ 



TV /'„a+2d\ 
\ ^■i,2a^2d^\,b\-^ ) J 



The terms fa,/3,7 where any subindex is negative are zero by definition. 
Proceeding like in the proof of proposition 18.11 we can show 



where \mij+k+i^o^h{i,k,l) = 0. Thus v G O{B{0, p-'^C-^f) 



□ 
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